The main subject of the paper is the application of the homogenisation method to the analysis of the elastostatic problem for the steel reinforced concrete plate. The upper and lower bounds on the effective elasticity tensor components as well as direct approximation of the tensor are used to build up the computational model of the structure. The results of numerical analysis are compared against the experimental data. The convergence of experimental and computational data for the real and homogenised composite plate confirms the effectiveness of the homogenisation method applied in the analysis of steel-reinforced uncracked concrete structures. To verify the generality of this approach, analogous tests should be carried out for other types of engineering composite structures, especially in continuous non-linear range.
INTRODUCTION
The crucial problem connected with computational modeling of engineering composites is to include the phenomena occurring in the micro scale into the global model [10, 11] . In Finite Element Method (FEM) language this difficulty appears mainly in very precise discretisation of such multi-scale structures [3, 11] and is observed in numerical analysis of reinforced concrete structural elements presented below. The most advanced and, at the same time the most realistic one, is computational analysis of composites including the crack initiation and propagation in matrix where the mesh is to be densed in the discontinuities region; however such problems are not considered in the study. It can be done by the use of some special finite elements or socalled substructuring tool [1] , but on the other hand, we can omit this problem by using of the homogenisation procedure.
The present paper deals with a comparison of computational analysis of steel-reinforced concrete plates in real configuration and homogenised state against the corresponding experimental data. For this purpose a rectangular plate with rectangular reinforcement loaded centrally and vertically is examined where the vertical displacements in the loaded point are observed in all these models. The convergence of both methods confirms the usefulness of nonlinear elastostatic FEM-based approximation of a real loading process. On the other hand, the usage and effectiveness of homogenisation approach in computational linear elastostatic analyses in uncracked range for such composites is shown. It should be mentioned that further numerical and experimental studies are to be performed for homogenisation based modelling in the non-linear range of steel reinforced concrete and other types of composites (laminated or granular, for instance) taking into account local failure of concrete matrix.
It should be emphasised that the main advantage of the homogenisation method used is the need of information about material properties and volume fractions of composite components only, while there is no need to solve any so-called cell problems [3, 4] typical for other approaches. Starting from the model proposed, we calculate in fact the upper and lower bounds on effective elasticity tensor only. As it is proved numerically, a great difference between elastic moduli of constituents and, on the other hand, a relatively small coefficient of the reinforcement results in a negligibly small difference of effective properties and final displacements values.
COMPOSITE MODEL AND EFFECTIVE PROPERTIES DESCRIPTION
Let us consider a composite structure Y built up with n linear isotropic, homogeneous and consistent components in uncracked state. Let the linear elastic behaviour of the constituents be described by bulk and shear moduli. Further, it is assumed that only the volume fractions of particular components of the structure are given, what is justified by engineering experience with different composites [2, 3] . If detailed microgeometry of the composite is not specified, then effective elastic properties C ijkl eff ( ) can be approximated by the following upper and lower bounds:
It is well known from the mechanics of composite materials that the minimum potential energy principle enables to obtain the upper bounds for the effective elasticity tensor, while the complementary energy principle gives us the lower approximations [14] . Starting from the Eshelby's theorem, we can calculate the closed equations describing upper bounds for some elastic characteristics (Helmholtz modulus and Lame constant) as N denotes here the total number of composite components, while c r N r , 1 ≤ ≤ defines their volume fractions. At the same time we have:
It should be mentioned that the equations posed above enable the introduction of the homogenisation process of the composite on the finite element level -directly into the stiffness matrix. Computational implementation of such a model will, in future, eliminates the necessity of the global or partial homogenisation of the composite structures with n components. Moreover, the description of the composite effective characteristics provided above enables to introduce a probabilistic model of the homogenised material properties for the composite (using mean values and standard deviations, for instance). The application of the probabilistic homogenisation procedure to some special superconducting composite structures analysis is shown in [4] . The FEM discretisation of the plate analysed is shown in Fig. 2 -due to the structure symmetry the quarter of the plate is tested only with the symmetry displacement boundary conditions imposed along vertical and horizontal axes. Further, the effective materials characteristics in the context of linear isotropic elasticity, calculated using equations posed above are presented in Table 2 in the form of upper and lower bounds on the effective Young modulus and Poisson's ratio for the whole plate structure.
COMPUTATIONAL EXPERIMENTS

Effective properties Lower bound Upper bound V-R (test 1) (test 2) (test 3) V-R (test 4)
As it can be observed from Table 2 , the upper and lower bounds for the effective elasticity tensor have quite similar values and are The total non-linear analysis is terminated when the central displacement of the plate being examined reaches 25.4 mm. All the results are collected in Fig. 3 below, however the discussion of incrementation process presented in details in [1, 6, 7] is reduced to the values similar to those Studying the results of analysis collected in Fig.3 , we notice that for the first part of the incrementation process (for central force up to 8.0 kN) the central displacement obtained for the homogenised plate is generally greater than the result for non-linear, both computational and experimental tests; for greater values of external load we observe a reverse relation. Further, it is seen that the ABAQUS non-linear modeling of the central displacements approximates very effectively the real displacements in this point.
In all computational tests with homogenised plate we obtain quite similar results of displacements for the elastic range only up to about 70% of loading force maximum value. It is caused by the fact that the upper and lower bounds for different effective elastic characteristics are approximately equal but in further analyses the reinforcement ratio to the sensitivity of homogenisation procedure should be verified numerically. Considering the effectiveness of the approximation proposed, the special purpose homogenising finite elements can be built up and considered to decisively simplify composite structure discretisation and modeling.
Finally, it is observed that to get the effective homogenisation-based computational modelghgging of fibre-reinforced plates elastoplastic behaviour, the effective yield stress for the whole structure should be calculated on the basis of the yield stresses of composite components as well as their volume fractions. For two component composites where the volume fraction of fibre and matrix is approximately equal, the effective yield stress function is taken as the harmonic average of yield stresses for these components, for instance.
CONCLUDING REMARKS 1)
The results obtained in the paper confirm the usefulness of the homogenisation method presented above to effective computational modelling of displacements in the steel reinforced concrete plates in the linear elastic range. Considering the fact that the steel reinforcement
3)
The effective characteristics of the steelreinforced concrete in thermal, acoustic and different type of coupled problems can be modeled by the analogous way. At the same time the non-linear effective behaviour of the structures considered are to be introduced and applied to enable the comparison between the fracture process for the real as well as the homogenised structures. It should be underlined that the model applied allows generally analysis of partial debonding of steel fibres from concrete matrix and matrix structural defects (some cracks and rigid inclusions). However, the result obtained may be unrealistic, considering negligibly small volume fraction of structural defects in comparison to the volume fraction of the composite components.
4)
The next step to specify the computational model of composite structures analysed is to introduce probabilistic analysis of the homogenisation procedure and homogenisation-based computer analysis of engineering structures [4, 5] . Then, the statistical estimation of the experimental data makes it ratio is generally smaller than 5% for the whole composite, the difference between upper and lower bounds for effective elasticity tensor components is relatively small, and thus there is no need to introduce homogenisation theories more advanced mathematically. Next, we should verify the computational method applied to modelling of other concrete structures in comparison to the experimental data.
2)
Taking into account the fact that the experimental data obtained are approximately equal to those resulted from computational analysis of the structure homogenised, the discretisation of the plate structure in the micro scale including reinforcement distribution is not necessary. To speed up the discretisation process of general fibre-reinforced composites, the homogenised constitutive tensor components can be introduced into the respective structural matrices for the Finite or Boundary Element Method based commercial engineering packages
